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Summary

The paper presents construction of some types of designs with two groups of
treatments. Spectral forms of information matrices are used.

1. Introduction

We consider different types of augmented block designs with two groups of
treatments we divide v treatments into two groups of v; and v, treatments
(v=v; +vy). The treatments of the first group are often called the standard or
basic ones and the treatments of the second group are called the additional or
control ones (see e.g. Das, 1958; Federer, 1961; Pearce,1960). The general scheme
and the incidence matrix of the above characterized block design have the form,
respectively:

di N:

N=

da Nz

where d;(vy, by, 7, k;) is a block design for the basic treatments and
dy(vg, by, 15, ky) is a block design for the additional treatments.

Moreover, similarly as in the work of Ceranka and Krzyszkowska (1992), we
add to the design some additional blocks, so in both groups of treatments it is
necessary to reserve a constant number of replications. The obtained design d is
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described uniquely by the scheme and the incidence matrix of the form, respec-
tively:

N; N3

N = ; (1.1)
N2 N4

di | ds

do | dy

where N;, N3 and Ny, N, are the incidence matrices of the basic and additional
designs, respectively, and rv; =Kl =ny, rovg =Kol =ny, ryvy =kal, =ns,
rqUg = kﬁilbz =Ny, Ny + Ny + Ny + Ny =n.

The parameters of design d are equal to: v=v;+vy, b=0b;+b,,
r=( +rgl (g +rly), k=((k + k) ¢ (kg +ky)), where: :

v is the number of treatments,

b is the number of blocks,

r =(ry,...,r,) is the vector of replications,

Kk = (ky,... k)’ is the vector of block sizes,
and some special matrices and vectors are:

1; is the ix1 vector with every element equal to unity,

I; is the ix: identity matrix,

r' is the transpose of r,

r’ = diag(ry,..., ,) is diagonal matrix whose diagonal elements are those of the
vector r,

r™ is the inverse of r’.

Let us note that both the basic and the additional treatments are replicated

in these blocks in such a way that the requirement of the constant number of
replications is preserved for both groups of treatments.

2. Construction of reinforced block design

For the estimation of treatment comparisons the matrix of the reduced normal
equations, the so-called information matrix C, is used:

C=r'-NK°N' .

If the information matrix for the design with incidence matrix N is denoted by
C(N), then we will notice that:

1
2

C(N) = C([g }) + C([gﬂ) ) (2.1)
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The property (2.1) makes easy the analysis of the reinforced designs (i.e. the
designs with additional blocks).

I. Let the design d; be the group divisible partially balanced incomplete block
design with two associate classes (GDPBIB(2)) with parameters v, =ms,
by, 71, kys My, Ay, ie. the design in which ms treatments can be divided into m

groups of s treatments each. The design is such that all pairs of treatments
belonging to the same group occur together inA; blocks, while pairs of treatments

from different groups occur together in Ay blocks. Let us notice that A, and 2,
are elements of the association matrix N;N/ (see John, 1987).

The association matrix for this design can be presented in the spectral de-
composition

N;Nj= poXo + P1X + poXy,

where pg=riky, p; =r- Ay, pg=rik~ U1hy are eigenvalues of this matrix with
maltiplicities 1, m(s-1), m-1, respectively while the matrices X, X, X, have the
following forms

XD =i 1”11:’1/01 N

xl # Im ®(Is = 1@1.19 /S) s

XZ = (Im . lml;n/m)®(ls]~; /8) ’
where ® denotes the Kronecker product of matrices. Other elementary explana-
tions can be found in the work of Bogacka et al. (1990).

Let dy be a randomized complete block design. The matrix C for the design
with the incidence matrix

N
1,1;
and parameters v, b, r = (1, b1 ), k=(k + vg)l, has the following form:
c,C
Cc-| o izl
[021 Cy

where
2
Cu= E (ry~p; [ (ky + va))X; ,
i=0
Cro==(ry /(ky + v))1, 1!

Uy ?

CZI = —(7'1 /(kl + UZ))IUZI/

’
Ul

022 = blIUE = (bl /(/\’,1 + 02))11"21’”2 o
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The basic contrasts between treatments can be divided into four groups. In
the first and the second group, both concerning basic treatments, there are
contrasts relevant to eigenvalues p; and py , respectively. The third group con-
tains the comparisons of additional treatments, and the fourth group consists of
the single contrast which is a comparison of the group of basic treatments with

the group of additional treatments. In particular groups there are m(s-1), m-1,
vg—1, 1 contrasts.

These groups are generated by the matrices Ly, Ly, Lg, Ly of the form:
X; 0 X, 0
Ll=[0 0], L2=[0 Ojl, L3=

2
1 U21U11’U1 —Ulvzlull

0 0
0 L -1,1,/vs|’
2.2)

!
UZ

L= 5o 1.1 1,1
1¥2 —UyUp vg Ty U1 Uy Uy

The ranks of these matrices are equal to:
r(L;) = m(s=1), r(Ly) =m-1, r(Lg)=vy-1, r(Ly) =1 .

Moreover, these matrices fulfil the condition CL; = wL; for i=1,2,3,4, where
w; = r—p; / (ky + vy) with multiplicity (L), ug=ri-ps/(ky +v2) with multiplicity
r(Ly), na = by with multiplicity r(Ly), uy = v /(ky + vg) with multiplicity r(Ly).

From the above and from equality 2 4 o L; =1, there follows the possibility of

writing the information matrix for this design in the form:

N, 5
C(ly, g, )= 2 Wil » (2.3)
2 71 =0

where uy=0, Ly=1,L,/v. L; are mutually orthogonal idempotent matrices.
From equality (2.3) it follows that u; are eigenvalues of the matrix C.

In a particular case, when Ny = 1},1, we can get the design analyzed in the
work of Bogacka et al. (1990). Brzeskwiniewicz (1993) considered more general
case, when d, is partially balanced incomplete block designs.

Now, let us expand the design d by additional blocks, getting the design with
the incidence matrix:

>

Nl N3
i1 Ny

where N is (as above) the incidence matrix for GDPBIB(2). In order to determine

the matrix C we can use (2.1). So, it is enough to set the matrix:
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N3

C,([N4 ). 2.9

Let us consider some cases.

Case 1.1. Let ds be a balanced incomplete block design with parameters
vy, by, 73, ks, Ay and let d; be a randomized complete block design, i.e.
N;=1,1;,. Since dj is particular case of dy (pg=rsks, p1=pa=rz—»As) then

eigenvalues of design

are equal to: v| = vy = rg — (r3 = hy)/ (k3 + vg) with multiplicity v1-1, vg3= by with
multiplicity vo-1, v, =rsv/ (ks + vy) with multiplicity 1. The matrix (2.3) can also

be presented in spectral form:

N, C
C([N4]) = ZViLi .

Then, the eigenvalues of design d are sums of eigenvalues of designs

1|
d2
and
["ds]
dy
and also:

Wi+ vy = 1= py/ (ky+ vg) + r3—(rs= hg)/ (ks+ vy) with multiplicity m(s-1),
Uot Vo = Fi= po/ (k1+ Ug) + rg—(ra— Ag)/ (Rag+ vg) with multiplicity m-1,
Ug+ vy = b1+ by with multiplicity v,- 1,
gt vy =r/(ki+ vy} + rsu/ (kgt vy) with multiplicity 1.
Case 1.2. Let N3 = N be the incidence matrix for a balanced incomplete
4
block design with parameters v, by, rs, ks. This design has only one non zero

eigenvalue v = Aqu/ k4 and the eigenvalues of design d are equal to:
i+ v =1y - py/(ky+ vg) + Agv/ ks with multiplicity m(s-1),

Ugt V =1 = pa/(k+ vg) + Agu/ kg with multiplicity m-1,
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Mg+ v = by + Agv/ kg with multiplicity vy- 1,
g+ v =rv/(ky+ vy) + Agu/ kg with multiplicity 1.

In particular case, if N = 1,1;, thenv =b,.

Case 1.3. Let N3 = 1,1}, and let Ny be the incidence matrix for a balanced
incomplete block design. The eigenvalues of design d of form (1.1) are equal to:

rt vy = 1= py/ (Rt vg) + by with multiplicity m(s-1),

Mot Vo =7y~ py/ (ky+ vg) + by with multiplicity m-1,

Mgt vy = by + 14— (- W)/ (et vy) with multiplicity vy 1,

Mgt vy =10/ (Ry+ vg) + ryu/ (kg vg) with multiplicity 1.
II. Let d; and d; be the balanced incomplete block designs with parameters
dy(vy, by, 1y, ky)and dyfvy, by, ry, ko), and let they balance each other, which means
that any basic treatment from design dy occurs together with any additional
treatment from design dy in A, = Ay, blocks (see e.g. Corsten, 1962). At the same

time, the following conditions are true:
N1N12= ;\121,J11:)2, 7'1/82 = }\,12U2, rzk] = )\.]2U1 .

As in the point I we can use formula (2.1) to determine the incidence matrix
for design d. We can see that the information matrix for design

can be presented in spectral form:

N, 3
C([Nz}) - Sut,

where
, -1 v 0] 0 0
Lo= 11, /v, =i 0 0} ’ 270 L-1,1,/vs|
1 [ L1, vl 1,
1 1 ot 2

L3 =
1 2 ' 4
R _'01021!}2101 Ulluzluz

and  where pug=0, Wy =ry= (= M)/ (Bt ky), Uo =7g— (ro— o)/ (Ry+ ko),
Hg = Ayov [ (ky+ ky) with multiplicities 1, v~ 1, vy~ 1, 1, respectively.

We can consider here the same cases as in point 1.
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Case 2.1. Let N3 be the incidence matrix for a balanced incomplete block
design and N, = 1U21§J2. The eigenvalues of the design d are equal to:

Wi+ vy == (71— M)/ (Ry+ kg) + ra— (rs— Ag)/ (Rs+ vg) with multiplicity v,— 1,
Hgt Vg = I'g= (Pg= A9)/ (ky+ kg) + by with multiplicity v,- 1,
g+ Vg = Ao [ (Ry+ k) + rau/ (kg+ vy) with multiplicity 1.

N =
Case 2.2. Let Ng} = N be the incidence matrix for a balanced incomplete
4

block design with parameters v, by, ry, k3, A3. Then this design has only one
non-zero eigenvalue v = Ayv / k3 and the eigenvalues of design d are equal to:

Wyt v =1y— (ry= M)/ (R+ ky) + Agu/ kg with multiplicity v,- 1,

Hot V =T1g= (1= o)/ (Ry+ ko) + hgu/ kg with multiplicity vy~ 1,

Ug+ V=AU [(Ry+ ky) + Agv [ kg with multiplicity 1.

Case 2.3. Let N3 = 1011;)2, and let N, be the incidence matrix for a balanced
incomplete block design. The eigenvalues of design d of form (1.1) are equal to:

W+ vy =r= (- M)/ (ky+ ky) + by with multiplicity v~ 1,

Wot Vo =1y= (rg= Ag)/ (ky+ ko) + ry— (g~ Ay)/ (Ry+ vg) with multiplicity v,- 1,

Ug+ Vg = Aov [{kq+ ko) + rgv [ (ky+ vg) with multiplicity 1.

3. Example

The GDPBIB(2) is, among others, used in two-factor experiments. Let us
assume that factorials A and B have m and s levels, respectively. We do combi-
nations of these factors according to the following scheme

A,B,, AB,, .., AB,,
AyB, A.B,, ..., AsB,,

A, By, A, B, .., A B,
We can apply the levels of factorial A to groups.

Let d; be the GDPBIB(2) with parameters: v1=6, b;=3, r|=2, k=4, A\=2,
Ay =1, m=3, s=2; where the columns are the blocks

113
224
355
466 .
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The association scheme is

1st group: 1, 2

2nd group: 3, 4

3rd group: 5, 6.
For instance, treatments 1 and 2 are first associates and occur together in the
first and second block, while treatments 1 and 3 are second associates and occur
together only in the first block.

Let d; be the GDPBIB(2) (with parameters as above), d, be a randomized
complete block design with Ny = 1,13, d3 be a balanced incomplete block design
with parameters v =6, by=10, rs=5, ky= 3, Ay= 2 and d,; be a randomized com-
plete block design with Ny = 1,1}o. Then the eigenvalues of the matrix C are:
Wi+ vy =32/5, ugt vy = 91/15, pug+ vy = 13, puu+ vy = 32/3.

The matrices L; are of the form (2.2). Therefore, for matrix

Cll CIZ
C=
[021 C22

we have:
Cyy = (32/5)Ig - (1/6)I3 ® 1,15- (17/80)1615,
Cia=(-4/3)1615,
Cyy = (-4/3)1,15,

Cop =131, - (5/2)1,15 .
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Wzmocnione uklady blokéw z dwiema grupami obiektéw

Streszczenie

Praca zawiera konstrukge pewnych typéw ukladéw z dwiema grupami obiektéw.
Wykorzystana jest postaé spektralna macierzy informacji ukladu.

Stowa kluczowe: uklad grup podzielonych o blokach niekompletnych z dwiema
klasami partnerstwa



